The simplest gauge invariant models of inflationary magnetogenesis are known to suffer from the problems of either large back reaction or strong coupling, which make it difficult to self-consistently achieve cosmic magnetic fields from inflation with a field strength larger than 10 −32 Gauss today on the Mpc scale. Such a strength is insufficient to act as seeds for the galactic dynamo effect, which requires a magnetic field larger than 10 −20 Gauss. In this paper we propose a new simple model, which avoids both the strong coupling and the back reaction problems, and can lead to cosmic magnetic fields from inflation as large as about 10 −16 Gauss today on the Mpc scale, thus improving the previous result by 16 orders of magnitude. In the scenario presented here, the coupling function which breaks the conformal invariance of electromagnetism is non-monotonic with sharp features avoiding previous back reaction and strong coupling constraints.
Introduction
Various astrophysical observations indicate that our universe is magnetized on different length scales [1] [2] [3] . The coherent magnetic fields are not only present in bound cosmological structures e.g. stars, galaxies and cluster of galaxies but they also seem to be present in the intergalactic medium. While the typical field strength in galaxies and clusters is of the order of a few microGauss [4] , a careful study of some astrophysical processes seems to suggest a lower bound of a few femto-Gauss on the coherent magnetic fields in the intergalactic medium [5] (for some recent reviews, see also [6] [7] [8] [9] ).
The origin of these magnetic fields has not yet been completely understood. Various explanations that have been put forward can be broadly classified into two categories: Primordial and Astrophysical. According to the primordial hypothesis, large scale magnetic fields are either created during an inflationary phase or during the primeval phase transitions (electroweak or QCD) in the early universe. These initial seed fields are then amplified by the dynamo action at later epochs to lead to the observed strength [10] . On the other hand, the astrophysical process presumes that the seed fields are indeed generated by the plasma effects and then boosted up by the dynamo mechanism which can possibly explain the field strength in galaxies and also in clusters having typical coherence length of 0.01 − 1 Mpc. However, the recently claimed (indirect) detection of large scale coherent magnetic fields in cosmic voids seems very difficult to explain by astrophysical processes, which suggests that such fields could have a primordial origin coming from the early universe.
Among the primordial mechanisms, magnetic fields generated during phase transitions can have relevant strength but the correlation lengths are typically too small to explain cosmic magnetic fields [11] . On the contrary, inflation produced magnetic fields are very interesting due to large correlation scale as well as pertinent field strengths. Due to the fact that the Electromagnetic (EM) Lagrangian is conformally invariant in the Friedmann-Lemaître-Robertson-Walker (FLRW) background, the EM field is not amplified during the expansion of the universe. Therefore, in order to generate magnetic fields during inflation, a necessary condition is to break the conformal invariance either by coupling the EM field to a time dependent background field (inflaton, curvaton, etc.) or by introducing another coupling which breaks conformal invariance or even gauge invariance. Such possibilities have been investigated in [12, 13] and later have been revisited in [14, 15] . Here, we will consider the simplest gauge invariant possibility of a coupling between the EM field and the inflaton φ parametrized as f 2 (φ)F µν F µν where F µν is the EM field tensor and defined as F µν ≡ ∂ µ A ν − ∂ ν A µ . The time dependence of such a coupling through the inflaton leads to the excitations of the EM field fluctuations and generate magnetic fields 1 . At the end of inflation, it is assumed that classical electromagnetism is restored and therefore, f (φ) → 1. Although this class of models can generate relevant magnetic fields at the present epoch with an appropriate choice of the coupling function, they indeed suffer from some severe problems. The first is the so-called backreaction problem wherein the energy density of the EM field spoils the inflationary background dynamics which can be avoided by a suitable choice of parameters of the model. The second is the strong coupling problem in which the time evolution of the coupling during inflation leads to the EM field being in the strong coupling regime at the beginning of inflation so the perturbative calculation of the EM field fluctuations can not be trusted, as pointed out by Demozzi, Mukhanov and Rubinstein [19] . Interestingly, this class of models have existed in the literature for a long time, the strong coupling problem was only noticed relatively recently. Due to these problems, it has been realized that constructing a realistic self-consistent model of magnetic field generation during inflation is quite difficult.
Recently, such couplings have also been considered beyond the context of inflationary magnetogenesis. For instance, a time-dependent interaction between the inflaton and the vector fields can induce non-Gaussian cross-correlations between the metric/curvature perturbations and magnetic fields which turn out to be large for a particular shape and could have interesting cosmological consequences [20] [21] [22] [23] [24] . Furthermore, statistically anisotropic contribution to the primordial curvature perturbation during inflation as well as anisotropic power spectrum and bispectrum due to the presence of this coupling have also been explored [25, 26] .
Summary of the proposed model
In this subsection we will briefly summarize the basic idea behind the proposed model which avoids the back reaction and the strong coupling problems.
Let us consider the coupling of the inflaton, φ, to the EM field given as above by f 2 (φ)F µν F µν . The inflaton field will be a slowly varying function of the scale factor, a(t), and therefore, f (φ) will also depend on the scale factor which in turn breaks the conformal invariance of the EM action. For simplicity, if we assume that the coupling function is a simple monotonic monomial function of the scale factor as f ∝ a α , it is well known that in the two cases of either a growing (α = 2) or a decreasing (α = −3) coupling function, one can obtain a scale invariant spectrum of cosmic magnetic fields from inflation with dρ B /d log k ≈ H 4 , where H is the Hubble scale during inflation. With H = 10 −6 M p , this corresponds to a magnetic field strength of order 10 −12 Gauss on large scales today. Here ρ B denotes the energy density of the magnetic field and M p is the reduced Planck mass. However, the mechanism can not work in this simple form. Given the assumption that the coupling function is a simple monotonic monomial function of the scale factor, it was shown by Demozzi, Mukhanov and Rubinstein that either of the two problems will occur [19] .
If the coupling function is decreasing with α = −3, the energy density in the electric field grows rapidly, and after a little more than 10 e-folds of inflation, it becomes larger than the background energy density ρ c = 3H 2 M 2 p leading to a back reaction problem. On the other hand, for the case of an increasing coupling function with α = 2, there is no back reaction problem but instead one encounters the strong coupling problem. If the coupling function is increasing, it means that it must have been very small in the past. If the EM field is coupled to charged matter in the usual gauge invariant manner then rewriting the Lagrangian in terms of the canonically normalized EM field, the physical coupling will scale as e phys = e/f . Assuming that f → 1 at the end of inflation, e phys will have to be very large shortly into the inflationary regime, and our ability to make trustable predictions during inflation will break down. The main observation is that the analysis leading to such conclusions is based on the assumption that the coupling function is a simple monotonic monomial function of the scale factor. Although it is a natural first assumption, the problems encountered in this simple case does seem to indicate that inflationary magnetogenesis is more intricate. Only by relaxing this assumption, one can construct a simple working model of inflationary magnetogenesis.
In order to balance between the back reaction and the strong coupling problems, we are therefore lead to dispose of the assumption that f is a simple monotonic monomial function of the scale factor. The starting point would be to glue together a coupling function consisting of piecewise sections behaving as α = −3 and α = 2, respectively. As mentioned above, α = −3 section can be no longer than about 10 e-folds and in order to avoid the strong coupling problem, the preceding α = 2 section can then be no longer that about 20 e-folds. Therefore, in order to keep generating magnetic fields during the entire span of inflation, one has to glue together more of these sections, but by adding more sections of α = −3 one might be worried that the produced energy density in the electric field will add up, and prohibit this possibility. However, we will see that this is not the case.
As we shall explain in Section 4, by using the appropriate matching conditions, the dominant solution before the transition matches to the decaying solution after the transition. This leads to a very large k-dependent loss in the magnetic field spectrum in all the transitions from α > −1/2 to α < −1/2 and in the electric field spectrum for the opposite cases. Although the loss in the electric field spectrum avoids the back reaction problem, the loss in the magnetic spectrum implies a smaller value of the magnetic field strength at the end of inflation. Therefore, to avoid the no-go theorem of [19] , the idea is to insert a non-scale invariant stage with α = 3 instead of α = 2 in order to compensate the losses at the transitions. The proposed coupling function is depicted in Figure 1 , and due to its characteristic shape, we will refer to it as the sawtooth model later in the paper.
While we do not believe that nature necessarily has realized this precise shape of the coupling function, it should simply be taken as a working example of inflationary magnetogeneis, and as we will discuss towards the end of the paper, the produced magnetic fields are not extremely sensitive to the detailed morphology of the coupling function, but only to its general selfconsistent characteristics.
Outline of the paper
This article has the following structure. In the next section, we briefly present the essentials of inflationary magnetogenesis by introducing a time dependent coupling function for the EM action which breaks conformal invariance and derive the electric and magnetic power spectrum for a given coupling function. In Section 3, we explain the strong coupling problem by computing explicitly the EM power spectrum and backreaction for a coupling function having a power law behavior in the scale factor/conformal time. In Section 4, we present our model and perform some approximate analytical estimations of the spectrum and also corroborate them with exact numerical results. Finally, in Section 5, we discuss our results and conclude with a few comments. In the two Appendices, we provide other viable coupling functions and clarify some subtleties associated with computing the electric field spectrum numerically.
Throughout this paper, we work in natural units with = c = 1, and the reduced Planck mass M 2 p ≡ 1/8πG is set to unity except at a few places. Our metric signature is (−, +, +, +). We use Greek indices µ, ν, ... etc. for space time coordinates and Latin indices i, j, ... for spatial coordinates.
Essentials of inflationary magnetogenesis
In this section, we quickly review the key details of the mechanism of inflationary magnetogenesis. Let us start with the standard EM action, given by
It is well known that this action is conformally invariant in a FLRW space time and therefore, one can not amplify the EM field fluctuations which leads to an adiabatic decay of EM field as 1/a 2 with the expansion of the universe. Inflationary mechanisms of magnetic field generation therefore require the breaking of conformal invariance of EM action. A large number of possibilities have been considered for this purpose. The simplest (gauge invariant) of these possibilities is to introduce a time dependent coupling as
where φ is a homogeneous scalar field which is assumed to be the inflaton. For a flat FLRW space time given by
where η is the conformal time, and working in the Coulomb gauge where A 0 = 0 and
where
. From Eq. (2.4) we obtain the following equation of motion
In order to quantize the EM field, we promote the vector field to an operator and perform a Fourier expansion as follows
where by definition δ ij i j = 1 and the following identities are verified:
This allows us to impose the usual commutation relations
It is easy to see that the canonically normalized vector field associated with
In terms of A k , Eq. (2.5) simplifies to
This mode equation for A resembles the equation of a harmonic oscillator with a time dependent mass term. In the limit of large wavelengths, i.e. k 2 f /f , and if there are no sudden changes in the behavior of f , this equation can be directly integrated for a generic coupling function and the solution reads
where C 1 and C 2 are integration constants which are fixed by imposing vacuum initial conditions at early times. In order to compute the EM spectrum, we first note that its energy-momentum tensor is given by [14] 
The total energy density in the EM field can then be written as a sum of the electric and magnetic contributions [15] 
Using the four velocity of the fundamental observer u µ = (1/a, 0, 0, 0), the spatial components of the four vectors E µ and B µ are given by
while the time components vanish. Using Eqs. (2.12) and (2.13), one can compute the magnetic and electric field spectrum as
One can go even further without specifying the coupling function. In the limit of large wavelengths, Eq. (2.9) gives the leading order solution to the mode equation (2.8). Therefore, in this limit, one can write the magnetic and electric field spectrum explicitly as a function of the coupling. Note that, if the leading term is proportional to f , we get dρ
and in this case, one needs to go to the second order to obtain the non-vanishing electric spectrum which requires solving the full mode equation.
Review of the strong coupling problem
In order to review the strong coupling problem, we shall consider a specific class of coupling function which has received great attention. In this case, the coupling function has a power law dependence on the scale factor as
where α is a free parameter. As we shall discuss later, such a parametrization leads to interesting results for certain values of α. In a de Sitter space time, the scale factor evolves as a (η) = a 0 |η 0 /η|, where the conformal time η goes from −∞ to 0 − . With these assumptions, the Fourier mode equation becomes
whose solution can be written in terms of Bessel functions as
where by imposing the initial conditions A k → e −ikη / √ 2k as (−kη) → ∞, the two integration constants C 1 and C 2 are fixed to be
In the late time limit or, equivalently, for modes well outside the Hubble radius (−kη → 0), one can use the Taylor expansion of the Bessel functions around zero 5) to obtain the leading terms of Eq. (3.3) as
at late times, in agreement with Eq. (2.9). From Eq. (3.6), one can see that the first term dominates for α > −1/2 while the second term dominates for α < −1/2.
The spectrum
Given the late time solution, we can now calculate the spectrum of magnetic and electric fields. Substituting the leading term of Eq. (3.6) into Eq. (2.15) allow us to compute the magnetic spectrum
and we have used aH = −1/η in a de Sitter background. From Eq. (3.7), one can see that a scale invariant magnetic spectrum occurs for α = 2 or α = −3. Notice that these two cases correspond to α (α + 1) = 6 which means that they satisfy exactly the same equation of motion and therefore, one cannot distinguish between them using the magnetic spectrum. One can also see that the magnetic spectrum at horizon exit for each mode is δ
The same analysis can be done for the electric field, although there are a few differences. As mentioned at the end of Sec. 2, when the first term of Eq. (3.6) dominates, (A/f ) = 0 and hence, we have to go up to second order term in the Taylor expansion of Eq. (3.5) to write
When the second term of Eq. (3.6) is dominant, we do not need to consider the second order term. For all values of α, the electric spectrum can be written as
From Eq. (3.10), one can see that the electric spectrum is scale invariant for α = 3 or α = −2.
In particular, let us analyse the case where the magnetic spectrum is scale invariant. For α = 2 the spectrum goes as dρ E /d log k ∝ (−kη) 2 which vanishes quickly as (−kη) → 0. On the other hand, when α = −3 the spectrum goes as dρ E /d log k ∝ (−kη) −2 , which grows rapidly in the limit of large wavelengths.
One important point, which will be very useful later in this article, is the duality between the electric and magnetic field. Namely, the electric field spectrum obtained from a given coupling function f = a α is equivalent to the magnetic field spectrum obtained from f = a −α (for a discussion of this duality, see Ref. [27] ).
The backreaction problem
In order to ensure that the the back reaction of the EM fields stays small during inflation, we shall first consider the energy stored in the electric field at a given time η f = (a f H) −1 , which is given by
where we have used Eq. (3.10) and (3.11) .
One can see that the case α = 2, where we have a magnetic scale invariant spectrum, do not lead to any backreaction. On the other hand, there are divergent behaviors, both for α > 3 and for α < −2, where the energy rapidly grows. In order to avoid backreaction we have to ensure that ρ EM < ∼ H 2 . Considering H ≈ 10 −6 , similar to the example in Ref. [19] , one finds that the number of e-folds N = log (a f /a i ) of inflation allowed for each of these two divergent regimes is
For the other magnetic scale invariant case with α = −3, this implies that we cannot have more than approximately 13.8 e-folds with this behavior. Therefore, inflation is not compatible with this specific coupling function. We now proceed to the energy density coming from the magnetic fields. Similarly, it yields
where we have used Eq. (3.7) and (3.8). Again, we can see that there are regions where the magnetic field can back react, more or less in the same way.
The expressions in Eq. (3.14) also show that the α = 2 case does not suffer from any back reaction problems. However, in this case there is another problem, which is associated with all negative values of α, which concerns the value of the effective coupling. The coupling function scales as f ∝ a α but at the end of inflation we should recover classical electromagnetism, which means that f → 1. Hence, in the beginning of inflation f = (a f /a i ) α = e −αN total for an inflationary duration with N total e-folds which implies that if α = 2 and N total = 60, we get f = e −120 . Assuming that the EM field couples to charged matter in the usual gauge invariant way, then by rewriting the Lagrangian in terms of the canonically normalized EM field, one finds that the physical electric charge scales as e phys = f −1 = e 120 this means that we entered in an uncontrollable very strongly coupled regime. This is called the strong coupling problem, and introduces another constraint on the coupling function, namely, f 1 during inflation [19] .
As a final remark on the magnetic spectrum, we note that in order to explain the current observations of cosmic magnetic fields on Mpc scales while also satisfying the upper bound from CMB constraints, the amplitude of the magnetic spectrum, δ B = (dρ B /d log k) 1/2 , at the end of inflation, should be between 10 −9 − 10 −16 , in Planck units. Any proposed solution to the strong coupled problem should also satisfy this condition.
The sawtooth model
In this section we present our toy model which aims to be a simple solution to the aforementioned problems. It consists of a time-dependent coupling function which has different transitions during inflation.
The natural approach when we allow for transitions would be to simply glue together the two scale invariant regimes: α = 2 and α = −3. This is an improvement to all the known solutions. However, it suffers from two problems. One is the loss in the magnetic spectrum due to the transitions itself. This will be discussed in great detail later in this article. The other problem is related, again, with either back reaction or strongly coupled regimes. As we pointed out in the last section, we can have, at most 13.8 e-folds of the α = −3 behavior. If we glue a stage with α = 2 we can add 20.7 e-folds without entering in strongly coupling regimes (f 1). This means that we still can not have more than 34.5 e-folds of inflation, which is clearly too short than the required e-folds of inflation. Thus, the coupling function must have a somewhat more involved behavior.
The solution proposed here consists of a coupling function with at least 5 transitions, as shown in Fig. (1) for an inflation of 62 e-folds 2 . In each stage it has a power law behavior approximately given by f ∝ a α i . From Fig. (1) one can see that the coupling function approaches unity after 62 e-folds so as to lead to the canonical coupling of EM with gravity. During all the 62 e-folds f 1, hence, there are no strongly coupled regimes.
For numerical reasons, it is easier to work with the number of e-folds N ≡ log (a). In terms of e-folds, the equation of motion reads,
where A ,N = ∂A/∂N and f ,N = ∂f /∂N . As discussed in Sec. 3, the canonically normalized vector field A should be a vacuum solution at early times which translates into the following initial conditions
The evolution of A for our model is presented in Fig. (2) for three different modes.
Spectral loss
The following step is the analysis of the temporal evolution of the magnetic and electric spectrum for a given mode. Various interesting features arise in this scenario. A given mode k leaves the horizon at N h = log (k/H). Inside the horizon it behaves as a plane wave and hence, its power spectrum decreases as ∝ e −4N . When the modes cross the horizon, dρ B,E /d log k ≈ H 4 . After that point, we might naively expect that the transitions would simply connect continuously the superhorizon behaviors, for the different exponents of the coupling, where the dominant term in the following stage rapidly picks up. From Eqs. (3.7) and (3.10), we find that the dominant solution leads to the following time evolution in the spectra:
Nevertheless, this is not exactly what happens. Due to these transitions, there is a loss in the magnetic and electric spectrum 3 . In Figs. (3) and (4), we present the time evolution of the magnetic and electric spectrum, respectively, for three different modes. One can immediately observe that after a period of enhancement, there is a loss which, for this choice of parameters, is always greater than the previous enhancement. This is a very important feature because it will avoid any back reaction problem in the model. We point out that, due to numerical errors, the electric spectrum was obtained by means of the duality between the electric fields and magnetic fields, discussed in Sec. By continuity of the energy stored in both fields, the quantities which have to be matched at the transition points are the vector field A itself and its derivative. In fact, it has been shown that only by matching the vector field itself, and not the canonically normalized field, the underlying EM duality symmetry under the combined exchange of E ↔ B and inversion of the coupling function α → −α is preserved [32, 33] . The Fourier mode equation for the vector field A i is
The superhorizon solution of Eq. (4.5) is given by
are coefficients related to the initial constants andĈ 1 (α i ) = 1/(2(1 − 2α i )) andĈ 2 (α i ) = 1/(2(3 − 2α i )) are coefficients related to the second order term of the Bessel functions [c.f. Eq. (3.5)]. In order to understand the full solution of A, we will match the super horizon solutions of two consecutive stages at the transition. This is similar to matching the curvature perturbation before and after a bounce on a surface of constant energy [34, 35] . The matching shows that, in some cases, the dominant solution before the transition matches to the decaying solution after the transition 5 , and the growing solution does not dominate immediately after the transition. We start with the case of a transition preceded by a stage with α i > −1/2. In such a case the solution before the transition is given by
while after the transition we can generically write it as
By matching Eq. (4.7) with Eq. (4.8), at the transition point, we obtain D 1,2 which yields
and η T is the conformal time at the transition. This means that the dominant behavior picks up only when, 10) where N * is the number of e-folds, that a given mode was outside the horizon in the previous stage 6 . These features roughly imply that, if α i+1 < −1/2, during this period, ∆N > 0, the so-called subdominant solution will dominate leading to,
So, for example, in Fig. (3) all the three modes are already super horizon during the whole third stage, N * = 10.3. Thus, in the third transition, as α 4 = −3, we estimate from Eq. (4.10) that ∆N = 3.48 which, from Eq. (4.11), implies a loss of the order 10 −15 in dρ B /d log k. Numerically we obtain losses between 10 −13 and 10 −16 orders of magnitude. That variation comes from the fact that, as we will see in the next section when we compute the final spectrum, there are large numerical errors associated, which increase with the number of phase transitions. Still, the k dependence in the final spectrum is obtained with high accuracy as we also show in the next section.
The same approach can be done exactly for α i < −1/2. In that case the solution before the transition is given by
After the transition, the solution has the same generic form of Eq. (4.8). Thus, the case −1/2 > α i > −3/2 leads exactly to the expression of −1/2 < α i < 1/2. For α i < −3/2, the matching at the transition point yields
This result tells us that, if α i < −3/2 and α i+1 > −1/2, the dominant solution dominates almost immediately after the transition, hence, there is no loss. Regarding the electric field, if we have in mind the E ↔ B duality by changing α → −α it is obvious that the same reasoning done before applies exactly in the same way. So, in this case we have a loss in the electric field given by
whenever we go from α i < −1/2 to α i > −1/2. It is important to stress that all these behaviors are not exclusive for this particular coupling function. Rather, it is a feature characteristic of all coupling functions with the same global behavior. Of course, for smoother functions the loss will be greater because the transient regimes will take more time. 6 This matching is only valid for modes that leave the horizon in the stage before the transition. For modes which left the horizon in earlier stages, the second order term in Eq. (4.7) changes tõ
Spectral shape
All these different features will show up in the k dependence of the spectrum at the end of inflation. There are two different "sources" of k dependence:
• modes which leave in the middle of a given stage will be less enhanced/suppressed,
• the time duration of the loss is k dependent.
The first point yields, at the end of inflation, a k dependence of the form given by Eqs. (4.3) and (4.4). The second point concerns the modes which become superhorizon in a stage preceding a loss. From the analysis done in the previous section we can get the final k dependence in the spectrum for these regions of modes. In order to do so we have to consider three different stages: before the transition, where dρ B /d log k ∝ e −(4−2α i )N ; the loss, where dρ B /d log k ∝ e −(4−2α i+1 )N ; and after the loss, where dρ B /d log k ∝ e −(6+2α i+1 )N . The time duration of these 3 stages is k dependent, hence, those features will sum up to a final k dependence. The time a given mode is outside the horizon before the phase transition is N * = N t1 − N h . On the other hand the loss takes ∆N e-folds while the next stage takes N t2 − ∆N , where N t1 , N t2 are the e-folds of consecutive phase transitions. From Eq. (4.10) that implies the following k dependences
Thus, for these modes which leave the horizon before the loss, the final k dependence in the magnetic spectrum is 17) which implies that
Interestingly, the time of the loss depends only on α i+1 and the k dependence only in α i . Moreover, if α = 4 we have a flat magnetic spectrum for these region of modes. Thus, if our coupling function joins, consecutively, periods of α = 4 with α = −3 we achieve a scale invariant spectrum for all modes, except for a small region of modes leaving the horizon around each transitions where extra features seem to appear. Analogously, we would have a flat electric spectrum if we join regimes of α = −4 and α = 3. In Fig. (5) we present the final magnetic field spectrum for the coupling function f periodic . We can see the existence of almost plateaus in the magnetic spectrum, predicted by Eqs. reheating temperature), the spectrum has a value around 10 −32 in Planck units, corresponding to a magnetic field strength of 10 42 Gauss at the end of inflation. Using the same assumptions of Ref. [19] , for the proceeding evolution of the universe, this result implies a present magnetic field of strength 10 −16 Gauss at those scales. Also, even at the scale of our present horizon the magnetic field has a strength around 10 −20 Gauss. In Fig. (6) we show the same results for the electric spectrum. The results are analogous to the magnetic field, as they should, because the dual magnetic field undergoes the same type of transitions as the original one. One also notice a significant numerical error which increases with the number of transitions felt by a given super horizon mode. Finally, we stress that the maximum of both spectrums occurs at values smaller or around 10 −14 , which is relevant to avoid back reaction.
In what follows we show the magnetic (Fig. (7) ) and electric (Fig. (8) ) spectra at the end of inflation for two other non-periodic coupling functions (f 100 , f smooth ), as defined in the Appendix A. Both functions follow the same global behavior but have different analytical form. The k dependence predicted by Eqs. (4.3), (4.4) and (4.18) is verified. It is also interesting to note that the shape of the spectrum is preserved, although the smoother versions have smaller absolute value. This result is expected, since by the coupling being smooth the transitory regimes are longer. Another interesting point is that f 100 also has amplitudes of the magnetic spectrum corresponding to a present magnetic field of strength 10 −17 Gauss at a Mpc scale. spectrum of f 100 and f smooth . In this last case the constraint to avoid back reaction is given by Thus, for α = 3.1, it gives ∆N < ∼ 11.5. For the other cases where there is two consecutive stages of enhancement one gets the following constrain
where (α 1 , α 2 ) and (∆N 1 , ∆N 2 ) are, respectively, the coupling exponents and duration in efolds of the two consecutive stages of enhancement. For the energy in the electric fields the constrain is similar with α → −α. All the coupling functions we have used satisfy the associated constrains coming from back reaction. The upper bounds should not be achieved if one wants to ensure that backreaction is avoided because there are extra factors, depending on α, for the value of dρ B,E /d log k at horizon crossing which can go up to one or two orders of magnitude. Finally, since the time derivatives of the coupling f become large at the transition points, one might also worry about possible effects on the slow-roll parameters from back reaction 7 . A detailed analysis would involve calculating the one-loop effective potential for the inflaton, but here we are just interested in an order of magnitude estimate. As an estimate of the correction to the inflation potential, we write ∆V (φ) ∼ f 2 (φ) ρ EM /f 2 . The back reaction constraint that we already considered corresponds to requiring ∆V (φ) V (φ), but as mentioned ∆V (φ) will also contribute to the slow-roll parameters. We obtain a correction to the first slow-roll parameter given by
and similarly for the second slow-roll parameter η,
where the sub-index φ indicates the derivative with respect to φ and ρ total is the total energy density. Now in order to estimate the derivatives of the coupling function, we use f φ = f ,N / √ 2 . A simple estimate gives f ,N ∼ αf and f ,N N ∼ αf /∆N where ∆N is the duration of the transition. We find that if the transition is smoother than about one e-fold, ∆N 1, the effects on the slow-roll parameters are small. For very sharp transitions, ∆N 1, the effect on is still small, while there is a large effect on η. For the coupling functions f 100 and f smooth in Fig. 8 , the duration of the transitions are ∆N = 0.05 and ∆N = 1 respectively. In any case, the first feature in the coupling function is on scales too small to be seen in the CMB spectrum, so if the transition is very sharp, it would only potentially be visible in the matter power spectrum.
Conclusion
In this article we have considered a new model of inflationary magnetogenesis based on transitions in the coupling function during inflation. These transitions connect multiple stages of the coupling function with different power law behaviors. This makes it a self-consistent inflationary model for generation of large scale magnetic fields which solves the strong coupling problem and avoids back reaction, while producing a magnetic field strength of about 10
Gauss on Mpc scales or perhaps even larger for an optimized choice of parameters.
The main consequence of such a type of coupling function is the appearance of losses in the spectrum due to the matching at the transition point, where the growing mode before the transition is matched almost completely to the decaying mode after the transition. This loss is a non-trivial feature, which is required for this model to work, because it directly avoids the back reaction problem. These effects were studied both analytically and numerically with good agreement.
One might worry about any possible disruption of slow-roll due to the fact that the time derivatives of the coupling function are large at the transitions if they are very sharp. We estimated that if the transition time is longer than about one e-fold, this does not create any problems, but for very sharp transitions lasting much shorter than an e-fold, this might lead to the second slow-roll parameter becoming large. In the examples discussed here, the transitions are on scales smaller than what would be visible in the CMB, but one might have a feature in the matter power spectrum for sufficiently sharp transitions. It would be interesting to analyze the phenomenological signature of such possible effects.
Another sensitive point one could think of is the degree of fine-tuning in the coupling function. However, the main features of the model do not depend either on the specific slopes or on the particular analytical form of the coupling function, but rather on its global behavior (see Fig. (7) ), which implies that the model does not appear particularly fine-tuned. In fact, one can think of the coupling functions presented here as being only simple examples, which nevertheless have the generic features shared by any realistic coupling function solving the strong coupling problem. While, it is beyond the scope of the work presented here to provide a complete microphysical understanding of the particular shape of the coupling function, it is an interesting question, which is left for future work.
Finally, we would like to note that since the coupling function is a piecewise monomial function of the inflaton, for each section the magnetic consistency relation derived previously in [20, 23, 24, 37] , can be used to compute the cross-correlation function of the magnetic field with the curvature perturbation. It will be interesting to know, how the global behavior of the coupling function will alter these results. The second coupling function f periodic is constructed in the same way as f 100 , with t = 100, but with different exponents, namely, α = {3.05, −3.05} in such a way that the coupling function is periodic during inflation with a period of 10.33 e-folds.
Finally, f smooth is a function which preserves the same global behavior of f 100 , but constructed in a completely different way, analytically much simpler. That construction combines two types of functions, one mimicking a α i < −1/2 → α i+1 > −1/2 transition g 1 (N ) = e α i 1 + e (α i −α i+1 )(N −Nt) , This is an interesting scenario because although it leads to a weaker magnetic fields in the end of inflation, its simplicity could be of great interest if one wants to think about an underlying model for these transitions. We compare the behavior of the coupling functions f smooth and f periodic in Fig. (9) .
B. Numerical subtleties with dρ E /d log k
When we presented the electric spectrum in Sec. (4.1) we referred that it was computed by means of the duality between magnetic and electrics fields, explained in Sec. (3.2), and not directly from Eq. (2.16), due to numerical problems. Here we will explain the reason for that to happen. Also, we perform some consistency tests in order to gain confidence on the solution obtained through the dual magnetic field, which satisfies our analytical analysis. In Fig. (10) we compare the electric spectrum computed directly from Eq. (2.16) with the one obtained through the E ↔ B duality where one computes instead the magnetic spectrum for a coupling function with −α i rather than α i . There we can see that after each loss the spectrum follows some wrong oscillatory behavior with an exponential growth higher than reality. Those numerical errors appear only in regions where there is a loss in the spectrum.
The reason for that to happen comes from the fact that A ∝ f in those regions. Thus, the quantity (A/f ), where A is the interpolating function, solution of the equation of motion, is the ratio of two very large numbers which differ very little from each other. In order to compute the electric spectrum we need to take the derivative of that quantity. In practice, that requires a precision/accuracy higher than 60 digits, for our specific case, which means that more sophisticated numerical methods are needed. One possible way to reduce the precision and accuracy needed to compute correctly the electric spectrum would be to work with the quantity A instead of A. That way we do not need to take derivatives of the interpolating function to obtain the electric spectrum.
However, this is still not enough. In order to verify that the electric spectrum follows the analytical description one also needs to work with a smoother coupling function, f smooth . There is no loss of generality in doing so because these features do not depend on the particular coupling function but rather on its global behavior. In Fig. (11) we compare the electric spectrum computed by solving the differential equation for A with the one computed by solving the differential equation for A. The region presented mimics the second, third and fourth stages of f smooth . It is evident that, after the loss, the electric spectrum computed from A follows the expected behavior given in Eq. (4.4). Nevertheless, although we have, in this case, the right power law behavior in each stage, one can also see that the numerical errors are increasing very much in time. This will imply that if we add another loss-type transition in the coupling function we would get a similar result to what is being obtained from A.
This example serves us just as a proof of principle that computing the electric field through magnetic dual is a correct procedure. Figure 11 : Electric spectrum time evolution computed from A compared with the one computed from A, using f smooth .
